Introduction
In the following we intend to give a short overview of recent results concerning simply connected, oriented, closed, smooth 4-manifolds. Throughout this paper we will call a 4-dimensional manifold with the above four properties an admissible 4-manifold.
One of the most important classical invariants of an oriented, closed 4-manifold X is its cohomology ring H*(X; Z) -which, in the simply connected case, is determined by H 2 (X; Z) and the cup product (intersection form) Qx' H 2 (X; Z) x H 2 (X;Z)^Z,
Qx(a,b) = (aUb,[X]).
REMARK 1.1 Poincaré duality PD:B. 2 (X;Z) ->• H 2 (X;Z) gives an isomorphism between the second cohomology and homology groups of an oriented, closed 4-manifold. It is easy to prove that elements of H2(X;Z) can be represented by embedded surfaces. If E a denotes a surface corresponding to a G H2(X;Z), and a = PD(a), b = PD{ß) G H 2 (X;Z), then
Qx(a,6)=:#(S a nE /3 ).
To form this intersection we chose the surfaces E a and E^ to meet transversally. The orientation of these surfaces and of X assign ±1 to every intersection point, and # denotes the sum of those ±l's. The above equality explains the name intersection form.
By a theorem of Freedman the intersection form Qx determines an admissible 4-manifold X up to homeomorphism: If Qx = 2kE 8 0 IH, then the admissible 4-manifold X admits a (unique) spin structure, while if Qx -n(l) 0 ra(-1), X has no spin structure. (and b-(X) resp.) denotes the dimension of a maximal positive (negative) definite subspace of (H2(X;Z),Qx)-
DEFINITION 1.4 b+(X)
is the signature X. Note that the Euler-characteristic e(X) equals to b+(X) + b-(X) + 2 in case X is admissible.
Note also that a(X) = n -m if Q x = n(l) 0 m(-l) and -16fc if Qx = 2fcE § 0 ZZf. In particular the signature cr(X), the Euler characteristic e(X) and the type of the manifold (whether it is spin or not) determines Qx, and so -by Theorem 1.2 -the homeomorphism type of an admissible 4-manifold. EXAMPLES 1.5 The intersection form of the complex projective plane CP is equivalent to (1). Note that since CP 2 is a complex manifold, it has a canon-2 ical orientation. CP denotes the same manifold with the opposite orientation; Q-2 = (-1 Summarizing the above theorems one can see that -modulo the ^-conjecture -the topological classification of admissible 4-manifolds is well understood. Our ultimate goal is, however, to study smooth properties of smooth 4-manifolds. To achieve this, one needs a finer, d^feoraorp/wsrn-invariant of admissible 4-manifolds. A recently discovered set of invariants, the Seiberg-Witten basic classes, will be discussed in the next section.
Basic classes of smooth 4-manifolds
In the following we will always assume that the admissible 4-manifold X has odd b+(X) and b+(X) > 1. For such a manifold a finite set of cohomology classes, the set of Seiberg-Witten (SW-)basic classes
can be defined. Because of the complicated nature of the necessary background material we omit the description of the full and rigorous definition of the set of basic classes, see e.g. [A] , [Sa] . Here we only give a very rough outline of the idea of the definition of Bx'
) for all a e H 2 (X;Z), then K is a characteristic cohomology element. A characteristic cohomology element of an admissible 4-manifold X determines a spin c structure -a generalization of the spin structure. Using this spin c structure, a Riemannian metric g and a self-dual 2-form \x on X, fairly standard constructions, give rise to the pair of Seiberg-Witten equations (see [Sa] ). The solution space of these equations, denoted by M, K(9,ß) , is called the moduli space. Using homological arguments one can produce a number SWx(K) G Z from the space AI^Q?,//), and -as the notation suggests -in case b+(X) > 1, SWx(K) will be independent of g and fi. If K G H 2 (X;Z) is not characteristic, then we define SWx{K) to be zero. • In case b+(X) is even, the homological argument quoted in the above description gives SWx(K) = 0 for all K. This is the reason for our restriction on the parity of b+(X).
• If b + {X) = 1, the value SWx(K) associated to the moduli space M.K(g,^) depends on the choices g and ji. The case of b+(X) = 1 is well understood, but we will omit the discussion of this topic here.
• The idea of the definition of SW-basic classes rests on previous work of Donaldson and Kronheimer-Mrowka. Using ASD connections Donaldson defined a polynomial invariant for admissible 4-manifolds with b+(X) > 1 and odd ( [Dl] ). Based on this definition, Kronheimer and Mrowka later proved a structure theorem for the Donaldson-invariants and defined the Kronheimer-Mrowka (KM-)basic classes of admissible 4-manifolds satisfying an additional condition, called the simple type condition (see [KM] ). Recent work of Pidstrigatch and Tyurin underpin the conjecture, that the set of KM-basic classes and the set of SW-basic classes actually coincide. In this paper we will mostly deal with SW-basic classes -we will formulate some results concerning the KM-basic classes of certain admissible manifolds as well.
• As results in the following sections will show, Bx is a finer invariant of the smooth 4-manifold X than Qx-By applying Theorems 3.1, 3.3 and 1.2, one can easily find homeomorphic manifolds having different sets of basic classes, proving that those manifolds are non-diffeomorphic. In fact (a more detailed version of Theorem 3.1) gives infinitely many homeomorphic, but pairwise non-diffeomorphic manifolds -a phenomenon unique in dimension 4.
Let us formulate the two questions we would like to focus on in the rest of the paper.
• Ql: How can one determine the set Bx for a given admissible 4-manifold XI
• Q2: What consequences can one derive from the knowledge of Bx regarding the geometry of X?
From results concerning Ql and Q2 we will deduce partial results concerning the smooth classification of admissible 4-manifolds.
Theorems about SW-basic classes
Let us first list some of the most important theorems about the computation of basic classes. First we give statements concerning basic classes of complex surfaces (real 4-dimensional manifolds). We assume that the reader is familiar with the basic notions of the theory of complex surfaces (see e.g. [BPV] ). A wide class of admissible 4-manifolds with &+ odd have an extra structure which can be capitalized on in the computation of Bx-Recall that a 4-manifold X has a symplectic structure if there exists a non-degenerated, closed 2-form LU on X. By choosing a compatible almost complex structure, C\{X^UJ) G H 2 (X;Z) first Chern-class can be defined for the symplectic manifold (X, cv). Note that since simply connected complex surfaces are Kahler, the class of symplectic 4-manifolds contains all the admissible complex surfaces. Fundamental results of Taubes give partial information about the set Bx of a symplectic manifold (X,u>). • In his seminal paper ( [Tl] ) Taubes actually proves that 5Wx(±ci(X, CJ)) = ±1. The knowledge of the exact value of SWX(±CI(X,UJ)) will be important later on.
If X is a minimal elliptic surface, then Bx
• More delicate arguments of Taubes establish a relationship between elements of Bx and the Gromow invariants of the symplectic manifold (X, uS) -see [T2, T3] .
The following general construction -due to Gompf ([G] ) -gives many examples of symplectic manifolds.
Assume that XL, X 2 are symplectic 4-manifolds and Fi C Xi (z = 1,2) symplectic surfaces in them. Assume also that the genera of Fi are equal and [Fi] 2 + [F 2 ] 2 = 0. v{Fi) will denote a tubular neighborhood of Fi C X^. Because of our assumptions, a diffeomorphism \l/: F\ -> F 2 can be lifted to an orientation reversing diffeomorphism (p:d(v(Fi) (F 2 )) between the boundaries of the tubular neighborhoods. By choosing such a tp, a new manifold X^ = (IA^IDU, (X 2 \is (F 2 
))
can be constructed. In [G] Gompf proves that X^ has a symplectic structure. Xy is called the symplectic normal connected sum of X\ and X 2 along F -Fi, and it is denoted by X^ = X\#( F^X2 .
Note that (as the notation suggests) the diffeomorphism type of X^ might depend on the particular choice of (p.
As a special case of the above construction one can define the following operation (see [SI] ). Assume that the 4-manifold X contains a torus F c X with [F] 2 = -1. Note that since the generic cubic curve in CP 2 is a torus with square 9, CP 2 #8CP contains a symplectic torus T with square 1. Apply the above construction of Gompf in case (X 1? Fi) = (X,F) and (X 2 ,F 2 ) = (CP 2 #8CP 2 ,T). If X is a symplectic manifold and F C X is its symplectic submanifold, then
is a symplectic manifold. The following theorem was proved for KM-basic classes and used the assumption that F lies in a cusp neighborhood (see [SI] [C] = [C f ] G H 2 (X;Z) and [C] 2 > 0. If g (C) , g (C f ) denote the genera of C and C f respectively, then g (C' )>g (C) .
• REMARK 3.11 Corollary 3.10 holds for surfaces with b+{X) = 1 as well; in these cases however the proof is more complicated.
Irreducible 4-manifolds
In the light of Theorem 3.3 one has to know the basic classes only for 4-manifolds not admitting decomposition as connected sum.
DEFINITION 4.1 A smooth 4-manifold X is irreducible if for every decomposition X -X\j^Xï either X\ or X2 is homeomorphic to the 4-sphere S 4 .
Obviously every 4-manifold X admits a connected sum decomposition XXi#---#X n into irreducible pieces. Note, however, that this decomposition is not unique. CP 2 , CP and CP 1 x CP 1 are irreducible 4-manifolds; and since X = CP 2 #2CP 2 is diffeomorphic to (CP 1 xCP 1 )#CP 2 , X has two different decompositions as a connected sum of irreducible manifolds. Despite this non-uniqueness, the understanding of irreducible smooth 4-manifolds would be a major step towards the general classification of 4-manifolds. Here, after a little historical background, we will give some statements concerning the "geography" of irreducible 4-manifolds.
One would hope that irreducibility implies the existence of some extra structure on the admissible 4-manifold X. A conjecture (frequently attributed to Thorn) stated that an irreducible 4-manifold X is always diffeomorphic to a complex surface -with one of its orientations. This conjecture was first disproved by Gompf and Mrowka ([GM] ) in 1990; they used the construction described in Section 3 to construct interesting new manifolds and the newly developed gauge-theoretic techniques to prove that those new manifolds are, in fact, irreducible and noncomplex. Following their footsteps many other examples were found for irreducible, non-complex, admissible 4-manifolds (see e.g. [FS] , [Sz] , [SI] ). Since the operation described in Section 3 is a symplectic operation, almost all these irreducible manifolds were in fact symplectic. Results of Taubes about basic classes of symplectic manifolds strengthened the following conjecture: an irreducible 4-manifold (with one of its orientations) always carries a symplectic structure. Although counterexamples to this conjecture with non-trivial fundamental group were found shortly after the introduction of SW-basic classes, no admissible counterexample has been found until very recently. A few weeks ago Z. Szabó described a way of constructing infinitely many admissible, irreducible 4-manifolds which do not carry symplectic structure. An outline of the construction of a symplectic non-complex and a non-symplectic irreducible manifold will be given in the last section. The following observation turns out to be a useful tool in proving irreducibility for a given admissible 4-manifold X. • Since blowing up and down are symplectic operations, one can talk about minimal symplectic 4-manifolds -just like in the complex analytic category. As a corollary of Taubes' work (see [T2] ), one can easily see that a minimal symplectic 4-manifold is, in fact, irreducible.
• One might hope that irreducibility implies Bx ^ 0 (at least with one of the two orientations of X). No admissible counterexample to this hope has yet been found, but there are examples of irreducible manifolds with fundamental group isomorphic to Z 2 and with no basic classes ( [W] ). In these later cases irreducibility was proved by a covering trick originally due to Kotschick.
The rest of this section is devoted to the introduction of the notion "geography" of irreducible 4-manifolds and the description of some results concerning this geography. Based on algebraic geometric motivations two integers, c\(X) and x(X), can be associated to an admissible 4-manifold X with odd b+(X). Note that c\{X) and x{X) determine a(X) and e(X) i and so b+(X) and b-(X) of the admissible 4-manifold X. By results discussed in the Introduction this means that c\(X) and x(X) determine Qx up to type (spinnes). Recall that Qx uniquely determines the homeomorphism class of the admissible 4-manifold X. By geography of irreducible 4-manifolds (or minimal symplectic 4-manifolds) we mean the determination of the set of pairs (a, b) G Z x Z such that there is an irreducible (minimal symplectic resp.) admissible 4-manifold X such that a = cj{X) and b = x(X).
The name "geography" for such studies is originally due to Persson ([P] ); he used it for complex surfaces of general type. A quick review of a few statements concerning the geography problem of complex surfaces will be given in the next theorem. Note, however, that even the solution of the geography problem would not be enough for the complete description of irreducible (or symplectic) admissible 4-manifolds. A complete solution of the classification problem would also contain the description of all irreducible (symplectic resp.) admissible 4-manifolds corresponding to (a, b) G Z 2 . Research in this direction is called botany (again after Persson).
THEOREM 4.5 If X is an admissible minimal complex surface, then X is irreducible. By definition x{X) > 0 always holds. Moreover
• c 2 (X) = 0 or
• c\(X) > 0 and 2x(X) -6 < c\(X) < 9x(X) (Noether and BogomolovMiyaoka-Yau inequalities) . D Minimal elliptic surfaces correspond to points (0,ò) G Z 2 . The region D -{(a, b) G Z 2 | a > 0, 20 -6 < a < 90} is not filled completely -although most points in D do correspond to minimal surfaces of general type (for such results see [C] , [P] , [MT] ).
A combination of the construction of Gompf (described in Section 3) and Theorem 3.7 proves the following result -showing that there are points in Z x Z outside of D corresponding to irreducible 4-manifolds (see [S2] ). [S2] are proved to have symplectic structure. Obviously these manifolds are not even homotopy equivalent to minimal complex surfaces. One of these example will be described in the next section. There are other sets of examples (given by Gompf in [G] and by ) covering the same region.
Finally let us list some interesting unsolved questions regarding the geography problem.
• None of the above results treats admissible 4-manifolds with even ò + . There are proposed candidates for irreducible admissible 4-manifolds with even fr + -one such example, constructed from the X3-surface, is due to Gompf -, but because of the lack of any sufficiently fine invariant there is no known way to prove irreducibility.
• For all known irreducible examples c\(X) > 0 is satisfied. In addition, as an application of Taubes' results, c\(X) > 0 can be proved once X is a minimal symplectic manifold. This means that to find an irreducible admissible example with c\(X) < 0 one has to come out with some exotic construction -the non-symplectic examples of Szabó have cf(X) = 0. On the other hand, the fact c\(X) > 0 for all irreducible admissible 4-manifold would imply the ^-conjecture (1.6).
• Another challenging problem is the replacement of the Bogomolov-MiyaokaYau inequality c\(X) < 9\{X) (proved for complex surfaces) for irreducible (and also for symplectic) admissible 4-manifolds.
Two examples of irreducible 4-manifolds
In this last section we outline the construction of a symplectic non-complex, and a non-symplectic irreducible admissible 4-manifold. Familiarity with logarithmic transformation will be needed later on. T 4 denotes the 4-dimensional torus S 1 x S 1 x S 1 x S 1 . It contains many 2-dimensional tori, for later reference we will specify 4 of them. Choose p,ç,rG S 1 three distinct points and take
• T 3 4 = Mx{p}x5 1 x5 1 ,
• T 13 = S 1 x {q} x S 1 x {q} and
Note that Tu and T34 intersect each other in P = {p} x {p} x {p} x {p}, otherwise all these tori are disjoint. Blow up T 4 in the above point P, and take the proper transforms Ti2 and T34 of Tu and T34. In this way we have T12, T34, T13, T14 2 four disjoint tori in the blown up manifold T 4 #CP . The first two of these four tori have square ( -1) while the last two have square 0. Recall that by blowing up a smooth cubic curve in OP 2 eight times, we get a torus F\ C CP 2 #8CP with square 1. One further blow up gives a torus F 0 with square 0 in CP 2 #9CP . Now all the components are defined to construct our "master-manifold" X: take first the normal connected sum of (T 4 #CP 2 ,fi 2 ) and (CP 2 #8CF\ F{) along the tori indicated. The resulting manifold Y will still contain the torus T13 (since Tu and T13 were disjoint), so form 2 , F 0 ) we get a minimal symplectic 4-manifold not even homotopy equivalent to a minimal complex surface. Again, minimality can be proved by Theorem 3.7 and Proposition 4.2.
The construction (recently announced by Z. Szabó) of an irreducible, admissible 4-manifold with no symplectic structure also starts w T ith the manifold X described above. The 4-manifold W n is defined as a certain logarithmic transformation of X along the torus T14. Recall that a (topological) logarithmic transformation on a torus L with square 0 in a 4-manifold M means the following operation: delete the tubular neighborhood v(L) = D 2 x T 2 of L from M and then glue it back via a self-diffeomorphism of d{v{L)) = T 3 = S 1 x S 1 x S 1 .By choosing an appropriate logarithmic transformation with multiplicity n, Szabó proved the following (see [Szl] is not symplectic, the normal sum of it with CP 2 #8CP brings the manifold back to the symplectic world.
